[1] We present a new approach for studying the inner core rotation and its variability by separating the underlying structure from its time evolution. This is achieved by fitting a large set of existing seismic BC-DF traveltime data with a smoothing spline analysis, which is implemented in the statistics package R. This method allows us to separate the time-independent mantle contribution from the time-dependent core contribution without any a priori constraints and to also estimate the error of the fit. We add our newly acquired seismic data from the PASSCAL experiment ARCTIC in northern Alaska to PKP differential traveltime measurements previously obtained from South Sandwich Islands earthquakes and recorded at College (COL) and the Alaskan Seismic Network. This nearly doubles the number of measurements to a total of 1165 and increases the data coverage of the inner core structure and our time coverage (to about 55 years). The large number of measurements allows us to use the standard statistical method of bootstrapping to derive the rotation rate and thus to further separate the core structure from its time evolution. This approach has been successfully tested with synthetic data sets that feature both a nonlinear structure and variable rotation rates, while sharing the same earthquakes and stations geometry as our real data. Applying this method to the real data yields an average rotation rate of 0.39°± 0.09 0.22°y r −1 (at 68% confidence level). Our results also suggest a nonzero acceleration of the inner core with an apparent change in the rotation rate from 0.24°to 0.56°yr −1 within the last 55 years. The minimum torque acting on the inner core is estimated 1.19 × 10 16 N m, which could result from the imbalance of the electromagnetic and gravitational torques.
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Introduction
[2] The electromagnetic torque created by the geodynamo is expected to drive the solid inner core to rotate relative to the mantle [e.g., Gubbins, 1981; Glatzmaier and Roberts, 1995] . Since the first observation of the inner core rotation by Song and Richards [1996] , many studies have given support for an inner core motion, including most recent ones [Zhang et al., 2005; Vidale and Earle, 2005; Wen, 2006; Cao et al., 2007; Song and Poupinet, 2007] . However, it has been hotly debated in the last decade whether this superrotation really exists because of possible systematic earthquake location errors [e.g., Poupinet and Souriau, 2001] , potential biases from mantle heterogeneity [e.g., Souriau et al., 1997] , failure to detect the motion [e.g., Souriau, 1998 ], and discrepancy in the inferred rotation rate [e.g., Creager, 1997; Vidale et al., 2000; Laske and Masters, 2003] . Furthermore, the inner core posses large hemispheric scale variations [Tanaka and Hamaguchi, 1997; Creager, 1999; Niu and Wen, 2001; Cao and Romanowicz, 2004; Yu and Wen, 2006; Sun and Song, 2008] . This is difficult to reconcile with an inner core of a constant rotation, which may be expected to average out the lateral varying structure of the inner core over geological time as the inner core grows from the crystallization of liquid iron.
[3] Part of these discrepancies could in principle be explained by a variable inner core rotation, which has been suggested by researchers [Collier and Helffrich, 2001; Song and Poupinet, 2007] to account for the observed timedependent rate of traveltime change of compressional waves that travel through the inner core. However, this observation could be also due to a nonlinear core structure (i.e., the lateral velocity change cannot be fitted by a straight line) with a constant rotation rate or a combination of both a nonlinear structure and a time-dependent rotation rate. The question of a systematic earthquake mislocation has been addressed in several papers [e.g., Sun et al., 2006] and shown to be insufficient to explain the observed temporal change in differential traveltimes, thus it will not be further addressed in this paper. Recently, Dai and Song [2008] observed temporal variability of the outer core structure. However, the level of the estimated velocity perturbation (10 −3 to 10 −4
) is negligible for studying the inner core motion.
[4] Finally, Song [2000] developed a technique that enabled him to jointly invert PKP BC-DF traveltime data for the inner core and the mantle structure. The BC and DF branches of PKP are compressional P waves that pass through the bottom of the outer core and the inner core, respectively. Their raypaths throughout the mantle are very similar, thus the differential BC-DF times reduce the influence of the mantle heterogeneity. Song [2000] has shown that it is possible to separate the mantle influence from the time-dependent inner core structure because the mantle biases do not move with the inner core. He assumed a linear structure (i.e., a constant lateral gradient) rotating with a constant angular velocity to infer his range of rotation rates. In this study, we build upon Song's [2000] approach and report a method that not only enables us to separate the time-independent mantle structure from the time-dependent core structure but also allows us to further separate the latter from its time evolution. This is achieved without a priori assuming a structure and by allowing for temporal changes of the rotation rate, aided by nonparametric modeling tools from statistics.
Data
[5] Our data are PKP BC-DF differential traveltime measurements from South Sandwich Islands (SSI) earthquakes that were recorded at Alaskan stations ( Figure 1 ). This data includes three sources. The first is a historical data set that has been collected over the years from various sources of digital and analog records (see detailed description by Song For this study, we use data from the N-S line, which provides critical lateral coverage of the part of the inner core that cannot be sampled by existing ASN stations (Figure 1a , inset).
[6] For the newly acquired data, the same cross-correlation technique which has been described and used previously [e.g., Song and Richards, 1996] to measure the differential traveltimes is employed. All the seismograms (vertical component) are converted to the short-period WWSSN instrument and, if helpful, filtered at frequency band of about 0.6 to 3 Hz to increase the signal-to-noise ratio. Overall, we have collected a total number of 1165 differential time measurements that cover a time span of 55 years from 1951 to 2007. Part of the data has been used extensively to study inner core anisotropy [Creager, 1992; Song and Helmberger, 1998 ] and inner core rotation [Song and Richards, 1996; Song, 2000; Poupinet et al., 2000; Zhang et al., 2005] .
[7] Plotting all 1165 measured differential BC-DF times as a function of bottoming point longitude x 2 (see notation section for a list of symbols used in this study) reveals a general decreasing trend in the former from west to east as a first -order trend (Figure 2 ). Furthermore, we can observe a slight shift of the pattern from west to east from early 1990s to the most recent time, indicative of an eastward rotation. Adding the new ARCTIC data allows us to extend to larger values of x 2 , east of the COL samples.
[8] When data from a single station is plotted as a function of time, we can assess temporal changes in differential traveltime residuals more clearly. Since the locations of the used SSI earthquakes are clustered in a small region, the raypaths to the same station are very similar through the Earth's interior. For example, at station COL, a clear overall increase from 1951 to 2007 in differential BC-DF times is evident (Figure 3) .
[9] The earlier part of the data at COL has been used to detect inner core rotation [Song and Richards, 1996] . The combination of the observed temporal change in traveltime at COL and the observed lateral velocity gradient in the inner core suggests a superrotation of the inner core [Creager, 1997] . The model would predict a slower velocity in the part of the inner core east of the SSI-COL path, which is sampled by the new ARCTIC data. Thus, the extension of the west-east decreasing trend further to the east in the new ARCTIC data (Figure 2 ) provides an immediate verification of the superrotation model.
[10] To determine the rate of the inner core rotation and whether the rotation has accelerated, decelerated, or remained constant during this period, we need to determine both the underlying structure and its time evolution. Since we don't know the functional form of the data a priori, we employ a nonparametric regression with smoothing splines [Wahba, 1990; Gu, 2002] which allows us to fit the data without imposing any a priori constraint.
Method
[11] Below we outline the methodology and steps for our nonparametric modeling. The notation section lists symbols used in this study, and Table 1 provides a list of models we have considered in our synthetic tests and in our modeling of the actual data. Appendix A provides further mathematical details. Code examples of the computer implementation in the statistical software R Development Core Team [2008] can be found in Appendix B and Text S1 in the auxiliary material. 
Smoothing Spline
[12] Classically, a spline function on the unit interval is as a series of polynomials defined in the given intervals [0, x 1 ),…, (x j , x j+1 ),…(x N , 1], where the {x i } are called knots. The polynomials frequently satisfy conditions such as continuity up to nth-order derivatives, specific boundary conditions, etc.
[13] A common measure of the goodness of fit for a curve
2 , the residual sum of squares. However, if f is unrestricted in its functional form then the average squared approximation error can be reduced to zero by any curve f that interpolates the data. In general, such a curve would not be unique and would vary locally too quickly to be acceptable as a good fit. The competing goals to produce a "good fit" to the data and simultaneously a smooth curve are quantified and solved in the smoothing splines method. The nonparametric functional f(x) is determined by minimizing a weighted combination of the average squared approximation error over a set of data points {y i } and the roughness measure. Mathematically, the residual sum of squares may be minimized, respecting a smoothing constraint, which we choose as ∫ x 1 x N ( f ″) 2 dx ≤ r. This can be accomplished simultaneously by introducing a Lagrange multiplier and minimizing
The Lagrange multiplier l is the smoothing parameter, which controls the tradeoff between the goodness of fit and the smoothness of the estimate. Generalized cross validation is employed to select the smoothing parameter, which can be shown to be optimal in the statistical sense (details are provided in Appendix A). This approach can be generalized to cases where the data depends on more than one variable. In this case, a tensor product smoothing spline method is used, and the method includes the estimate of contributions from each variable. The interested reader may refer to Wahba [1990] and Gu [2002] for details.
[14] An important feature of the smoothing spline fitting is that uncertainties can be inferred using Bayesian modeling [Wahba, 1983] . The basic idea is to calculate the probability Dziewonski and Anderson [1981] and corrected for slight differences in ray angle relative to the average ray angle using an anisotropy model of Song and Richards [1996] (we call such a residual y′). The normalized residuals are derived by dividing y′ by the traveltime of the corresponding ray in the inner core and then multiplying the average traveltime of all the rays in the inner core.
of the smoothing spline fit given the data using Bayes theorem. This allows us to calculate the errors of the estimate (Bayesian confidence interval) with respect to each variable. The method is implemented using R Development Core Team [2008] , and employing the statistics package (C. Gu, General smoothing splines, R package 'gss' version 1.0) (an example code is given in Appendix B).
[15] To demonstrate the applicability of the one-dimensional nonparametric smoothing spline, we have fitted the observed differential BC-DF traveltimes at College as a function of time only. In this case, {y i } is the differential traveltime data at College and x is time. The fit and its corresponding 95% Bayesian confidence intervals are displayed in Figure 3 . A change of about 0.5 s in differential traveltime from 1951 to 2007 can be easily read out. It is also apparent that the rate of differential traveltime change varies with time. This change could be due to a variable rotation rate, a nonlinear core structure, or both. In order to further investigate this question, we have developed a two step method that allows us separate the core structure from its time evolution and the mantle structure.
Step 1: Separating Mantle and Core Contribution
[16] The seismic waves employed in this study travel through both the mantle and the core. The first goal is to make sure that any biases derived from mantle heterogeneity are separated from the time-dependent core signal in our data. Similarly to Song [2000] , the fact that the mantle biases do not move with the inner core and hence are timeindependent is used. The inversion scheme is formulated as follows:
where y′ is the observed differential traveltime residual corrected for slight differences in ray angle relative to the average ray angle using an anisotropy model of Song and Richards [1996] , x 2 is the spatial location (longitude) of the turning point of the ray in the inner core, t is the event time, a is the traveltime of the ray in the inner core, and (s 1 , s 2 ) is the station location in terms of latitude and longitude. Thus, f 1 and f 2 represent the time-dependent inner core structure and static mantle structure, respectively.
[17] The formulation assumes inner core motion around the spin axis of the earth. The term f 1 (x 2 , t, a) includes traveltime perturbations from the lateral variation of the averaged velocity along the ray through the inner core at the lateral location x 2 , perturbations from rays that sample different depths of the inner core as represented by the value a, and perturbations from an inner core motion as represented by its time dependence. For the static mantle term, only the receiver side is considered, since Song [2000] showed that the mantle corrections at the source side are much smaller than those at the receiver side. This choice allows for the smallest possible number of fit parameters. Moreover, f 1 and f 2 can be inverted by fitting y′ with a five-dimensional smoothing spline analysis of variance model.
[18] This procedure is done without employing any a priori constraints and the error of the fit is automatically obtained. Since a constant ("DC" part) can always be assigned to either the core or the mantle term, we define the latter such that the sum of all mantle contributions to the differential traveltime is zero. Any DC is assigned to the core term. We would like to note that this choice has no influence on the inferred rotation rate since it is not sensitive to the DC component.
[19] Synthetic tests are conducted to demonstrate and test the applicability of our approach. We construct a synthetic test model as follows:
The model features a nonlinear inner core structure (a linear gradient plus a sine function) and a static planar mantle structure, allows for variable rotation rates, and shares existing earthquakes and stations geometry. The variables c, l, and A are constants, where c and l parameterize the linear term and A is the amplitude of the sinusoidal term. Table 2 lists values for the parameters in the synthetic model, which are chosen such that the range of y′ in the synthetic data is similar to that of the real data. A random error with standard deviation s = 0.1 s is added to the synthetic data to mimic measurement errors. The precision of the actual differential time measurements is likely better than the assumed random error. 
[20] The applicability of this approach is tested for three cases. In case 1, the rotation velocity is kept constant at 0.3°yr −1 , while in case 2a the velocity has a decrease from 0.5 to 0.1°yr −1 at time t = 1990 and in case 2b a jump from 0.1 to 0.5°yr −1 at time t = 1990. In all three cases, the trend and amplitude of the input mantle structures can be recovered well (Figures 4, left, and 5) . The 95% Bayesian confidence intervals of the recovered model are quite narrow and the input values are well within the confidence intervals.
[21] For the time-dependent inner core structure, the f 1 term, we consider two formulations in the model fit. First is the "unconstrained fit", as in the formulation of equation (2), in which the time dependence of the inner core structure is Figure 4 . Results of synthetic tests presented in this paper. See equation (3) for input models and Table 2 for model parameters. A random error with standard deviation s = 0.1s is added to the synthetic data. In case 1, the input rotation velocity is kept constant at 0.3°yr −1 , while in case 2a the velocity changes from 0.5 to 0.1°yr not specified. In this case, the time dependence may include a rigid body rotation as well as internal deformation. The nonparametric modeling can recover the major features of the time-dependent inner core structure of the input models (Figure 6 ), the recovery being better for case 1 (constant rotation) (Figure 6, T2) than for cases 2a and 2b (variable rotations) (Figure 6, M2 and B2) . However, there are large discrepancies where sampling is sparse (earlier times, before 1990; both ends of x 2 ). The fit recovers the actual values of the input data almost always within the 95% Bayesian confidence intervals, but the confidence intervals are considerably larger outside the data sampling areas.
[22] In the second formulation, we invoke the constraint that the inner core structure rotates as a rigid body with a velocity v(t) (constant or variable). Since the static mantle corrections can be effectively retrieved using the general formulation as in equation (2), we can obtain the contribution of the time-dependent core structure to the differential traveltime residual by subtracting the mantle contribution from each of the 1165 traveltimes: ðx 2 ; t; aÞ ¼ y 0 ðx 2 ; t; a; s 1 ; s 2 Þ À f 2 ðs 1 ; s 2 Þ ð 4Þ
The mantle corrected residuals g are then fitted with a rigid body rotation to obtain the time-dependent core structure f 1 . We call this approach "constrained fit."
[23] The formulation yields an excellent overall fit to the input models (Figures 6, right, and 4, middle and right), and allows us to determine the rotation rate of the core structure, thus separating the core structure from its time dependence as described below.
3.3.
Step 2: Separating the Core Structure for Its Time Dependence
[24] In order to separate the core structure from its time dependence, the standard statistical method of bootstrapping [e.g., Efron and Tibshirani, 1994] is heavily employed. This is possible due to the large number of differential traveltime measurements. Assuming that the inner core structure moves as a rigid body with a given velocity v(t), we can write
where z(v) = x 2 − v(t)t is the phase of the moving structure with velocity v that can change with time. To derive the average velocity, it is assumed that the structure moves with a constant velocity between 1951 and 2007, which is found via a grid search. For each possible velocity v i ,
is fitted as a function of z and a to the mantle corrected traveltime residuals g. The root mean square residual of the fit is then computed and the velocity v i that minimizes it is chosen as the best average velocity v.
[25] To assess whether there is a change in velocity or not, the velocity is allowed to take different values before (v < ) and after (v > ) a certain time called t jump . These two velocities Figure 5 . Three-dimensional views of synthetic tests of the approach presented in this paper. The input mantle model is the same as in Figure 4 . T1, input mantle contribution as a function of station latitude s 1 and longitude s 2 ; T2, output mantle contribution for case 1; B1, output mantle contribution for case 2a; B2, output mantle contribution for case 2a.
should reflect average velocities for the time before and after t jump . If different average velocities are found with certainty, it can be concluded that there is a change in time. The two best velocities are found via a two-dimensional grid search similar to the one mentioned above after t jump has been specified. The value of t jump is also shifted to test the effect of our selection. We explore the robustness of v, v > and v < employing bootstrapping.
[26] For each bootstrap run we create a new data set by randomly selecting 1165 measurements from our original one. This is done by sampling with replacement, that is, one measurement could be selected several times and another one not selected at all. We then search for the v, v > and v < for this new data set as described previously. For a large enough number of bootstrap runs this technique allows us to compute the statistical properties of the v, v > and v < distributions, such as the median and quantiles.
[27] The velocity search grid extends from −0.2 to 1°yr
in steps of 0.01°yr −1 for the constant velocity, and 0.05°yr
for the variable velocity search. In the first case with a constant rotation rate, the average velocity is determined to v = 0.29 ± 0.02°yr −1 at the 68% confidence level (1s). Hence, the original input velocity is almost perfectly recovered ( Figure 7 ). This is also true when we allow the velocities to change before and after t jump = 1990. The resulting velocities are v < = 0.3 ± 0.05 0.15°y r −1 and v > = 0.3 ± 0.05 0.00°y r −1 at the 1s level.
[28] For case 2a with a variable decreasing rotation rate, the average velocity is 0.24 ± 0.02°yr −1 (1s) and lies between 0.5 and 0.1°yr −1 , the original input velocities. When t jump = 1990 is chosen, the input velocities are exactly recovered with v < = 0.5 ± 0.15°yr and in case 2b vice versa.
The inner core structure is constrained to represent a coherent entity that moves with a given velocity v(t). The best velocity or velocities (labeled) are determined via a grid search, and bootstrapping is employed to obtain their distributions. The velocity search grid extends from −0.2 to 1°yr −1 in steps of 0.01°yr
for the constant velocity, and 0.05°yr
for the variable velocity search.
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in velocities and correctly represent the average velocities before and after their respective jumps.
[29] For case 2b with a variable increasing rotation rate, the average velocity is 0.40 ± 0.03 0.02°y r −1 (1s) and lies between 0.1 and 0.5°yr is found at the 1s level ( Figure 7) . We want to point out that the error of v < is always larger than the error v > , due to smaller number of BC-DF traveltime measurements below t jump that are used to constrain the fit in this region.
[30] By constraining the core distribution to be a rigid body rotation, we are also able to almost perfectly recover the original core structure (Figures 4 and 6 ). This is achieved even though a random error with standard deviation s = 0.1 s was added to the synthetic data, and the static mantle contribution had first to be separated from the time-dependent core contribution. In all three synthetic tests we recover our original input data almost always within narrow 95% Bayesian confidence intervals (Figure 4) , which proves the applicability of our approach.
Results
[31] We apply the approach to our 1165 BC-DF differential traveltime measurements and first set out to separate the mantle signal from the core signal. The resulting mantle structure is displayed in Figure 8 . A trend similar to the one previously described by Song [2000] is found, that is, south of 66°N there is an increase in the mantle corrections from east to west. This trend has been attributed to the Aleutian slab (subduction to the northwest). The stations above the slab show consistently larger than average contributions from the mantle heterogeneity to the BC-DF times (light colors).
[32] The core contribution g is computed by subtracting from each BC-DF measurement the corresponding mantle effect. Bootstraps are performed to determine inner core rotation rate and its variability and various subsets of data are used to check the robustness of the results (Table 3 and Figure 9 ). For the whole data set a total of 1065 bootstraps are run to determine the average velocity of the core structure via a grid search in which the velocity is allowed to vary between 0 and 1.2°yr −1 by steps of Dv = 0.01°yr −1 . This interval was chosen after we performed preliminary test in which the velocity was allowed to vary between −2 and 2°yr −1 . The best average velocity is defined as the median of the best velocity distribution which yields v = 0.39 ± 0.09 0.22°y r −1
at the 68% confidence (1s) level and v = 0.39 ± 0.13 0.45°y r −1 at the 95% confidence (2s) level. This is in good agreement with recent estimates of 0.3 to 0.5°yr −1 by Zhang et al. [2005] . A westward or zero motion can be ruled out (Figure 9) . In all the bootstraps we have performed, no single solution of westward rotation has been found.
[33] To address the question of whether the rotation rate changes or not, 1000 bootstraps are performed. The best two velocities before and after t jump = 1990 are determined via a two-dimensional grid search in which both velocities are allowed to vary between 0 and 1.2°yr −1 in steps of Dv = 0.02°yr −1 . The median velocity before and after t jump = 1990 are v < = 0.24 ± 0.08 0.06°a nd v > = 0.56 ± 0.12°yr −1 , respectively (1s). The two velocities are found to differ at the 92% confidence level. [34] The resulting inner core structure shows a clear spatial gradient with some fine structure, is nonlinear ( Figure 10 ) and shifts to the east as time increases. For the latest time period (e.g., t = 2007) when the lateral (longitudinal) coverage is the best, the inner core velocity as a function of longitude changes rapidly around longitude −80°. West of that, the velocity has a very steep positive gradient; east of that, it has a steep negative gradient. The inferred time-dependent core structure shows general agreement with the observed traveltime residuals (Figure 10 , bottom).
[35] The models can be checked directly with selected data sets. Figure 11 compares observations as function of x 2 with predictions for two time periods. The time shifts in the model predictions are clear. The observations are very scattered, but the overall time shift in the data is visible as we pointed out in section 2.
[36] Since it was assumed that the core structure moves as a coherent entity with velocity v(t), we can predict future changes in BC-DF traveltimes, for example at COL (Figure 12 ). They are expected to increase to about 3.30 s by around 2020 and then decrease as the structure west of −80°at t = 2007 moves in to the SSI-COL path.
[37] It is apparent that the difference in predictions for case 1 (constant rotation) and case 2 (variable rotation) is very subtle, compared with the scatter of the data. The difference is sometimes significant (at 95% confidence level), but at other times, the predictions are similar. The resolution of the variable rotation comes from the totality of the whole data set and from the statistical power of the method. Essentially, the statistical modeling allows us to determine the optimal solutions to the underlying parameters and their uncertainties from the scatter of the data. Given a large enough data sample size, the parameter errors can be much smaller than the scatter of the data. To illustrate this point, we compare the model fits for case 1 (constant rotation) and case 2 (variable rotation) to the synthetic data at COL (Figure 13 ). Despite our clear resolution of the variable rotation in the input model, the ranges of the predictions for both fitted models are very small and the differences between the two models are very subtle, compared with the scatter of the data. We believe that with the increased temporal and spatial coverage of the same region, the variability of the rotation rate can be resolved with confidence within the next two decades. Note that Figure 12 predicts greater difference after year 2020 between the two models, which would also make it easier to distinguish the two.
[38] In order to test how much our results depends on the choice of t jump , the best two velocities search is repeated for t jump = 1975 and t jump = 1995 using a coarsened velocity grid spacing of Dv = 0.1°yr −1 . For t jump = 1975, we find an increase in rotation rate from 0.3 to 0.5°yr −1 and for t jump = 1995 from 0.3 to 0.6°yr −1 . In both cases, the values of v < and v > lie reasonable close to 0.24°yr −1 and 0.56°yr −1 , respectively, and are in agreement with an increase in rotation rate. It is important to point out that the values of v < and v > are not expected to be equal for different choices of t jump , since they represent average velocities above and below t jump .
[39] To further investigate the robustness of v, v > and v < , we have tested various subsets of data employing a coarsened velocity grid spacing of Dv = 0.1°yr −1 . The first is the data after 1962 only. The event locations are considerably poorer before that time [Song, 2000] . We still find an increase in rotation rate from 0.3 to 0.6°yr −1 , but with greater uncertainties. The average velocity takes a value of 0.42°yr −1 . The second sub set of data is the data after 1990 only. The average best velocity v = 0.57°yr −1 agrees almost exactly with the velocity after t jump = 1990 for the whole data set. The third sub set of data is the data limited in turning point longitude by −81.3°< x 2 < −69.8°, where the temporal coverage is more uniform (Figure 10) . The average velocity obtained is 0.46°yr −1 . The velocity shows an increase from 0.3 to 0.5°yr −1 before and after 1990 in the variable rotation fit. All the results are consistent with those obtained from the whole data set within the 68% confidence limits.
Conclusions and Discussions
[40] We present a new approach that enables us to separate the static mantle contribution from the time-dependent inner core contribution to the observed BC-DF traveltimes Figure 10 . Time-dependent inner core structure (f 1 term) obtained in this study. All values are evaluated at average a. The model is based on (left) our best estimate of the average inner core rotation rate of v = 0.39°yr −1 and (right) variable inner core rotation rate of v < = 0.24°yr −1 before and v > = 0.56°yr −1 after 1990. (top) Three-dimensional image of the inner core contribution to the BC-DF traveltimes as a function of time t and ray bottoming point longitude x 2 . (middle) Inner core structure at different times t as a function of x 2 . Plotted are f 1 at different times with 95% confidence intervals. (bottom) Two-dimensional view of the time-dependent core structure together with observed residuals. The residuals have been corrected for the mantle (Figure 8 ). Pluses and circles indicate greater and smaller than the average residual, respectively. The size is proportional to the amplitude of the residual.
without any a priori constraints. Furthermore, the timedependent inner core structure can be decoupled from its time evolution and an estimate of the rotation rate can be obtained. Errors for all parameters can be obtained from the combination of the nonparametric modeling and the bootstrap process. The average inner core rotation rate is estimated to be 0.39°yr −1 from 1951 to 2007 with confidence limits of 0.30 to 0.61°yr −1 at 68% confidence level. Our approach yields for all data sets, the complete one and all its subsets, a nonzero eastward rotation of the inner core with respect to the mantle. Both westward and no rotation can be rejected. The inner core structure displays a clear spatial gradient and is nonlinear, which needs to be taken into account in determining inner core rotation rate and its variability. When we allow for two velocities before and after a certain time t jump in our models, all data sets suggest an increase in rotation rate over the past 55 years. For the complete set, this increase from 0.24 to 0.56°yr −1 is significant at the 92% confidence level.
[41] Assuming that this increase occurred from the middle of the first time interval (1951 < t < 1990) to the middle of the second time interval (1900 < t < 2007) , an estimate of the minimum acceleration a ≈ 2.03 × 10 −19 s −2 can be computed. If the change occurs more abruptly, the acceleration could be much higher.
[42] An increase in angular velocity could be due to two facts: Either the Earth's inner core does not follow the observed deceleration of the planets rotation, and thus appears to be accelerated, or a real net torque acts on the inner core and drives its motion. The former could be explained by the fact that the solid inner core is not rigidly connected to the solid mantle and crust. Any change in planetary motion mainly due to tidal friction and modulated by glaciation and deglaciation [e.g., Stephenson and Morrison, 1984; Allen, 1973] has to be translated to the inner core via the fluid outer core. If this is not done quickly and effectively on short timescales, the inner core would appear to move with respect to the mantle [Bills, 1999] . However, the observed decrease in the Earth's rotation rate of about 15 s Myr −1 [Allen, 1973] yields an apparent inner core acceleration that is 3 orders of magnitude smaller than the one computed above. Thus, the frictional deceleration of the whole planet cannot be the cause of the suggested increase of the inner core rotation rate.
[43] Moreover, atmospheric phenomena such as the large El Niños in 1982-1983 and 1997-1998 , that caused the Earth's rotation to slow measurably by about 1 ms d −1 [Carter et al., 1984; Chao, 1989; Dickey et al., 1999] , are still about 100 times too small to cause a detectable change in the motion of the inner cores. In addition, their duration is not large enough to influence the inner core rotation rate over a period of more than 5 years.
[44] On the other side, a net acceleration of the inner core with respect to the mantle, as suggested in this paper, could be the result of a net torque acting directly on the inner core. The latter is under the influence of electromagnetic, gravitational, frictional and inertial torques. If at any instant in time the sum of these four torques is non zero, the inner core will accelerate. Given the acceleration a ≈ 2.03 × 10
and moment of inertia of the inner core I i ≈ 5.58 × 10 34 kg m 2 [Glatzmaier and Roberts, 1996] , we can estimate the minimum net torque t = I i a ≈ 1.19 × 10 6 years. We can compare this net torque to the relative strengths of the four torques above.
[45] The magnitudes of the different torques have been estimated to be between 10 16 and 10 20 N m for the electromagnetic torque [Gubbins, 1981; Glatzmaier and Roberts, 1996; Aurnou et al., 1998] , and between 10 19 [Rose et al., 2000] and 10 21 N m [Buffett, 1996a [Buffett, , 1996b for the gravitational torque. The inertial and frictional torques is of secondary importance. The inertial torque, which is has been estimated to be 5 orders of magnitude smaller than the gravitational torque [Busse, 1970; Kakuta et al., 1975] , and the frictional torque has been estimated to be 3-4 orders of magnitude smaller than the electromagnetic torque by Gubbins [1981] . The latter agrees well with numerical calculations by Dormy et al. [1998] and a recent estimate of 10 15 N m by Aurnou and Olson [2000] . Therefore, the relative strengths of the gravitational and electromagnetic torques will mainly determine the mode of the inner core rotation, and the inferred minimum net torque of t ≈ 1. 19 × 10 16 N m can be easily explained by a very small imbalance between the two.
[46] Clear evidence for a time-dependent inner core rotation rate has yet to be established. The approach introduced in this paper has served as a first step, and when applied to more BC-DF traveltime measurements, especially with a greater temporal coverage, it can yield a more accurate picture of the inner core's rotation rate as a function of time. A more precise knowledge of the rotational state of the inner core and especially its variability in time will provide valuable constraints on any model of the Earth's core, and hence greatly enhance our understanding of the inside of our planet.
Appendix A: Smoothing Spline
A1. Motivation
[47] The goal is to derive from a given set of data points {y i } employing a least squares fit
and a smoothing constraint
a fitting curvef without any a priori assumptions. This is a minimization problem with constraints and can be solved by introducing Lagrange multipliers {l k }. In the special case when the data depends on only one variable one Lagrange multiplier is sufficient. In the following we summarize the smoothing spline technique for the 1-D case.
A2. One-Dimensional Case
[48] The problem can be solved in a so-called reproducing Kernel Hilbert space and the fitting curve can be expressed asf can be written in forms of scaled Bernoulli polynomials k n = B n /n!.
[49] Utilizing a short-hand notation equation (A3) can be rewritten asf
and the minimization problem reduces to
using that Q″ = Q.
[50] The Lagrange multiplier l controls the tradeoff between the goodness of fit and the smoothness of the estimate. If l → ∞ the smoothing constraint yields a straight line fit. If l → 0 we end up with a simple interpolation. A generalized cross validation technique is employed to select the smoothing parameter, which can be shown to be optimal in the statistical sense. as another minimization problem.
A3. Generalized Cross Validation Technique
[52] V(l) can be written as
where a ii correspond to the diagonal elements of the matrix A inf
For N → ∞, the approximation
becomes exact and l can be determined by numerical analysis via for example Newton Raphson or other refined techniques to find the global minimum of V(l). In addition, it can be shown that the loss function
where f andf correspond to the true solution and the fit function, respectively, is minimized by this choice of l.
Appendix B: R Code
[53] This appendix illustrates the user interface of some open source R Development Core Team [2008] code that implements the techniques presented in this paper, using the observed differential BC-DF traveltimes at College as an example. The code is in the ssanova suite of the 'gss' package by C. Gu, as of version 1.0-0. Additional code examples of separating mantle and core structure and grid search of rotation rate with bootstrapping can be found in Text S1 in the auxiliary material.
[54] R Development Core Team [2008] resources are archived at cran.r-project.org, where the source code of base R Development Core Team [2008] and that of scores of add-on packages can be found along with installation instructions.
[55] Assuming that base R Development Core Team [2008] and the 'gss' package have been installed, the following lines load the 'gss' package library (gss) and read in the traveltime data my.data=read.table ("∼\\college_yprime.txt", header=T) at the R Development Core Team [2008] prompt. The traveltime data consists of components yprime (corrected BC-DF differential traveltime residual) and t (event occurrence time).
[56] To fit the traveltime residuals as a function of event occurrence time only, one may make the following call to ssanova my.fit=ssanova(yprime∼t, data=data.frame(yprime=my.data $yprime, t=my.data$t)).
[57] To evaluate the fit use my.predict.yprime=predict(my.fit, data.frame(t=seq(min(real.t), max(real.t), length=100)), se.fit=TRUE)
where the se.fit=TRUE entry requests posterior standard deviations for Bayesian confidence intervals.
[58] The results can be illustrated and saved in form of a postscript file using postscript("∼\\college_fit_yprime_t.ps") par(mfrow=c(1,1)) plot(t=my.data$t, my.data$yprime, type="p", xlab="time", ylab="yprime") lines(seq(min(real.t),max(real.t), length=100), my.predict$fit, col="red") lines(seq(min(real.t),max(real.t), length=100), my.predict$fit+1.96*my.predict$se.fit, col="darkred") lines(seq(min(real.t),max(real.t), length=100), my.predict$fit-1.96*my.predict$se.fit, col="orange") dev.off() the standard graphics package of R Development Core Team [2008] .
[59] Entering the commands (in a single line) will export the result to a chosen location.
